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JUPITER SWING-BY TRAJECTORIES PASSING NEAR THE EARTH 

Roger A. Broucke*  
Antonio F. B. A. Prado**  

We study and classify the Swing-By maneuvers that use the planet Jupiter as the 
body for the close approach. Our goal is to simulate a large variety of initial 
conditions for these orbits and classify them according to the effects caused by the 
close approach in the orbit of the spacecraft. We use the well-known regularized 
(Lamaître regularization) planar-restricted-circular-three-body problem as our model. 
We especially check which ones of those orbits have a passage near the Earth. 
This is very important, because only those orbits have a potential use for transfers 
from the Earth. We show our results in letter-plots, where one letter describing the 
effects of the Swing-By is plotted in a two-dimensional graph that has in the 
horizontal axis the angle ψ (the angle between the perigee vector and the Sun-
Jupiter line) and in the vertical axis the Jacobian constant of the spacecraft. We 
make one plot for each value of the perigee distance (the distance between the 
spacecraft and Jupiter during the close encounter). 

INTRODUCTION 

The importance of the gravity-assist (or Swing-By) trajectories can be very well understood by the number 
of missions that flew or are scheduled to fly using this technique. A very successful example is the Voyager 
mission that flew to the outer planets of the Solar System with the use of successive Swing-By in the planets 
visited to gain energy1. The Swing-By trajectories have a very wide range of applications, like: 

1. The use of the planet Venus for a round-trip from the Earth to the Mars2,3,4; 

2. The use of Jupiter to make a strong plane change in a spacecraft's trajectory, to make it achieve an orbital 
plane perpendicular to the ecliptic to observe the poles of the Sun, like the mission Ulysses5; 

3. The use of Swing-Bys with the Earth and/or another inner planet to reach the outer Solar System6,7,8,9; 

4. The use of the Moon to send a spacecraft to an elliptical or hyperbolic escape orbit around the Earth10; 

5. The use of successive Swing-By with the Moon to keep some desirable geometry of the spacecraft's orbit 
around the Earth, such as satellites observing solar phenomena. More details are available in references11,12; 

6. The use of multiple powered Swingby in the satellites of a large planet (Jupiter or Saturn) to make a tour of 
those satellites. Optimization methods are applied here to minimize the fuel used in the powered part of the 
mission13,14,15. The number of swingby are usually larger than ten in this kind of mission. 

All the applications above are in the field of astronautics, and they are very recent when compared with the 
astronomy literature. The celestial mechanics of the Swing-By is known by the astronomers for at least 150 
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years. It is very clear that Laplace understood the whole gravity-assist mechanism. After him, several 
researchers derived analytical equations for the effects of the Swing-By and/or produced numerical results in 
this topic, especially in the problem of escape and capture of comets by Jupiter (see references (16) and (17) for 
historical remarks), that is essentially the same problem. More detail about this topic can be found in Appendix 
A. In appendix B, we make some comments on two remarkable articles which describe the theory of cometary 
slimgshot effects in detail, by H. A. Newcon in 1878 and 1893. They are probably the first articles in the English 
language on the subject. In Appendix C we comment on the work done in 1928 by the Austrian engineer Guido 
von Pirquet. 

The gravity-assist concept in the American space program appears first at JPL in the early sixties. The first 
explicit JPL document that we found on this subject is a memorandum (312-130) by M. Minovich18, dated 
August 23-1961. This document contains the formulas for the change in energy and in semi-major axis. A very 
detailed account of Minovitch's activity has recently been described19,20, (in the mean time his name has been 
changed by the addition of a t).  

Another important early gravity-assist concept originating at JPL is the multiple planet missions and 
especially the grand tour to the planets21 conceived by Gary Flandro. The numerous applications are too well 
known to be described in detail here. We enumerate some of them briefly. 

- 1973-74: Mariner 10 to Venus + Mercury + Mercury. 
- 1972: Pioneer 10 to Jupiter + Out of the Solar System (OOSS). 
- 1973: Pioneer 11 to Jupiter + Saturn + OOSS. 
- 1977: Voyager 1 to Jupiter + Saturn + OOSS. 
- 1977: Voyager 2 to Jupiter + Saturn + Uranus + Neptune + OOSS. 
- 1989: Galileo to Venus + Earth + Earth + Jupiter + Jupiter Satellites. 
- 1990: Ulysses to Jupiter + Sun (Out of the Ecliptic). 

Among the United States activities on lunar gravity assist, another important branch of contributions is by 
R.W. Farquhar and his group11. This work has also been well documented in a special issue of the Journal of 
Astronautical Sciences (Vol. 33, No. 3, 1985) in the articles by Farquhar, Muhonen, Church, Dunham, Davis, 
Efron, Yeomans and Schanzle22,23,24,25. The ICE (ISEE-3) mission to the Moon and to the comet Giacobini-
Zimmer is especially remarkable. 

A recent remarkable application of gravity assist is the close encounter with the Moon of the Japanese 
Muses-A/Hiten spacecraft on August 5, 1990 and lunar capture on December 19. The work done at JPL by E. 
A. Belbruno and J. K. Miller26,27,28 was related to this mission or very similar in nature. A numerical study on 
this type of capture problems was recently published by the Japanese Researches Yamakawa and 
Kawaguchi29. A second Japanese mission involving a lunar swing-by is Geotail (1992). 

In the future, this topic will be even more important, since the savings in fuel expenditure obtained from the 
gravity-assist maneuvers has a large impact in the total cost of the mission, and this is now a high-priority 
constraint. 

In our paper, we study and classify the Swing-By maneuvers that use the planet Jupiter as the body for the 
close approach. Our goal is to simulate a large variety of initial conditions for these orbits and classify them 
according to the effects caused by the close approach with Jupiter in the orbit of the spacecraft. We use the 
well-known planar restricted circular three-body problem as our model. The equations are regularized (using 
Lamaître's regularization), so we can avoid the numerical problems that come from the close approach with 
Jupiter. 

Among the several sets of initial conditions that can be used to identify uniquely one trajectory, we  use 
the same ones used in the paper written by Broucke16, with the variables: 1) J, the Jacobian constant of the 
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spacecraft (an integral of the restricted-three-body problem); 2) The angle ψ, that is defined as the angle 
between the line m1-m2 (Sun-Jupiter) and the direction of the perigee of the trajectory of the spacecraft around 
Jupiter; 3) Rp, the distance from the spacecraft to the center of Jupiter in the moment of the closest approach to 
Jupiter (perigee distance). Note that the Jacobi constant is essestially equivalent to the hyperbolic excess 
velocity V∞. 

For a large number of values of these three variables, we integrate numerically the equations of motion 
forward and backward in time, until the spacecraft is at a distance that we can consider far enough from Jupiter, 
such that we can neglect the Jupiter's effect and consider the system formed by the Sun and the spacecraft as 
a two-body system. At these two points we can use two-body celestial mechanics formulas to compute the 
energy and the angular momentum before and after the close approach. Those quantities are used to identify 
up to sixteen classes of orbits, accordingly to the changes in the energy and angular momentum caused by the 
close encounter. They are named with the first sixteen letters of the alphabet. 

We especially check which ones of those orbits have a passage near the Earth. This is very important, 
because only those orbits have a radical value for transfers from the Earth. We show our results in letter-plots, 
where one letter describing the effects of the Swing-By is plotted in a two-dimensional graph that has in the 
horizontal axis the angle ψ (the angle between the perigee vector and the Sun-Jupiter line) and in the vertical 
axis the Jacobian constant of the spacecraft. We make one plot for each value of the parameter Rp. 

Our present paper has to be considered as a continuation of Broucke's paper16 of 1988. The mathematical 
formulation is completely in this paper, along with a collection of numerical results. The new aspect in the 
present paper is that we add the requirement that the trajectories have to originate near the Earth. This results 
in an additional line on the graphs, giving the boundary of the group of initial conditions which are useful in 
the sense that they pass near the Earth, before  passing close to Jupiter. 

Not many textbooks in Celestial Mechanics describe the gravity-assist concept. One exception is H. O. 
Ruppe, "Introduction to Astronautics"30, pages 144-147 in Volume 1 and pages 159-162 in Volume 2. 

We also have the books by M. H. Kaplan31 (1976, pages 90-95) and by R. H. Battin32 (Astronautical 
Guidance, 1965, pages 150-155). Battin gives the fundamental diagram for the velocity changes on page 151. 

The basic concepts of gravity-assist were also described by C. Uphoff33 in an earlier AAS-Symposium in 
April 1989. 

DEFINITION OF THE PROBLEM 

The primary problem that we study in our paper is to simulate and classify Swing-By trajectories passing 
near the planet Jupiter. We give special attention to check which ones of those trajectories pass near the Earth 
before and/or after the encounter with Jupiter. To solve this problem, we assume three bodies: the Sun, the 
planet Jupiter and a third particle of negligible mass (the spacecraft). We also assume that the total system 
(Sun + Jupiter + spacecraft) satisfies the hypothesis of the planar restrict circular three-body problem: all the 
bodies are point of masses, the Sun and Jupiter are in circular orbits around their mutual center of mass.  

With these assumptions, our problem consists in studying the motion of the spacecraft near the close 
encounter with the planet Jupiter. We have to study its motion only near this point, because when the 
spacecraft is far from Jupiter the system is governed by two-body (Sun + spacecraft) dynamics, with no 
change in energy or angular momentum. In particular, we evaluate the energy and the angular momentum of 
the spacecraft before and after this close encounter, to detect the orbit change during the close approach. We 
classify the orbits in four categories: elliptic direct (negative energy and positive angular momentum), elliptic 
retrograde (negative energy and angular momentum), hyperbolic direct (positive energy and angular 
momentum) and hyperbolic retrograde (positive energy and negative angular momentum). Our problem is then 
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to identify the category of the orbit of the spacecraft before and after the close encounter with Jupiter. Fig. 1 
explains the geometry involved in the close encounter.  
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Fig. 1 Geometry of the Close Encounter 

We can see that the spacecraft leaves the point A, crosses the horizontal axis (the line between the Sun 
and the planet Jupiter), passes by the point P (the periapsis of the trajectory of the spacecraft around Jupiter) 
and goes to the point B. We choose the points A and B in a such way that we can neglect the influence of 
Jupiter at those points and, consequently, we know that the energy is constant after B and before A. Two of 
our initial conditions are clearly identified in the figure: the perigee distance Rp (distance measured between 
the point P and the center of Jupiter) and the angle ψ, measured from the horizontal axis in the counter-clock-
wise direction. The distance Rp is not to scale, to make the figure easier to understand. The third initial 
condition is the Jacobian constant J of the spacecraft. 

The second part of the problem is to identify if one particular trajectory passes near the Earth in one or in 
both directions of time. For that purpose we extend the numerical integration in each direction of time until one 
of the following events occur: i) The spacecraft reaches a position inside the Earth's orbit around the Sun. 
Then we assume that the spacecraft crosses the Earth's path in space and, with proper timing conditions, we 
can arrange a close encounter with the Earth; ii) The spacecraft goes to far from the Solar System without 
crossing the Earth's path. Then we assume that it will not come back again and a close encounter with the 
Earth is not possible; iii) The spacecraft remains close to the Solar System, but too much time has been passed 
without a crossing with the Earth's path. Then we assume that a useful close encounter with the Earth is not 
likely. 

Under those assumptions, the procedure involved to solve this problem will be: i) To specify particular 
arbitrary values for the Jacobian constant, the perigee distance (Rp) and the angle ψ; ii) Starting with the 
spacecraft in the perigee (P), we integrate numerically its orbit forward in time until it reaches the point B; iii) 
Starting again in the perigee (P) we integrate its orbit backward in time until the spacecraft reaches the point A; 
iv) At the points A and B we calculate the energy and the angular momentum of the spacecraft, and we can 
classify both segments in the above defined categories; v) We extend the numerical integration beyond the 
points A and B and we verify if the spacecraft has none, one or two possible close encounters with the Earth. 

MATHEMATICAL MODEL AND ALGORITHM 
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The equations of motion for the spacecraft are assumed to be the ones valid for the well-known planar 
restricted circular three-body problem. We also use the standard canonical system of units, which implies that: 

1. The unit of distance is the distance between M1 (the Sun) and M2 (Jupiter); 

2. The angular velocity (ω) of the motion of M1 and M2 is assumed to be one; 

3. The mass of the smaller primary (M2) is given by µ = 
m

m m
2

1 2+
 (where m1 and m2 are the real masses of M1 

and M2, respectively) and the mass of M2 is (1-µ), to make the total mass of the system unitary; 

4. The unit of time is defined such that the period of the motion of the two primaries is 2π; 

5. The gravitational constant is one. 

Table 1 shows the Canonical system of units for the Sun(M1)-Jupiter(M2) system that is used in this paper. 

 

Table 1 
CANONICAL SYSTEM OF UNITS FOR THE SUN-JUPITER SYSTEM 

Unit of distance 778000000 km 
Unit of time 689.567 days 
Unit of velocity 13.058 km/s 

 

We use the rotating system as our reference system. It is a system with its origin in the center of mass of 
the two primaries and the horizontal axis lies in the line connecting the two primaries, pointing to m2.  

Based in those conventions, the equations of motion of the spacecraft are: 
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Since the basis of our research consists of close encounters with Jupiter, we use Lamaître's regularization34 
in those equations. The reason is to avoid numerical problems during the close encounters with Jupiter, since 
it is one of the singularities in the equations of motion of the spacecraft. 

Another important result that we need in this paper is the constant of motion known as the "Jacobian 
Integral", which is an invariant in the circular planar restricted three-body problem, given by the equation: 
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where E is the energy, C is the angular momentum, r1 is the distance between the spacecraft and the Sun, r2 is 
the distance between the spacecraft and Jupiter and ω is the angular velocity of the system. The expressions 
for the energy and the angular momentum, that will be needed later in this paper, are given by: 
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   C = x y xy yx2 2+ + −& &       (6) 

where x, y and its derivatives are the coordinates of the spacecraft in the rotating system. We emphasize the 
fact that E and C are the energy and angular momentum relative to the non-rotating inertial system although 
the quantities x,y,& , &x y  are all measured relative to the rotating system. 

With those equations, we can build a numerical algorithm to solve our problem. It has the following steps: 

1. We give arbitrary values for the three parameters: Rp, J, ψ; 

2. With these values we compute the initial conditions in the rotating system. The initial position is the point 
(Xi, Yi) and the initial velocity is (VXi, VYi), where: 

   ( )µ−+ψ= 1)cos(RX pi       (7) 

   Y Ri p= sin ( )ψ        (8) 

   V VXi = − sin ( )ψ        (9) 
   V VYi = + cos( )ψ       
 (10) 

where V = & &x y2 2+  is calculated from equation (4); 

3. With these initial conditions, we integrate the equations of motion forward in time until the distance between 
the planet Jupiter and the spacecraft is bigger than a specified limit dJS. At this point we stop the numerical 
integration and we calculate the energy (E+) and the angular momentum (C+) after the encounter with Jupiter, 
from equations (5) and (6). Remember that we assumed that the energy and the angular momentum is constant 
after this point, due to the fact that the perturbation from Jupiter is too small to disturb significantly the two-
body character of the dynamics; 

4. Then we go back to the initial conditions at the point P, and we integrate the equations of motion backward 
in time, until the distance d JS is reached again. Then we use the equations (5) and (6) to calculate the energy (E-
) and the angular momentum (C-) before the encounter with Jupiter;  

5. With those results, we have all the information required to calculate the change in energy (E+-E-) and angular 
momentum (C+-C-) due to the close approach with Jupiter;  

6. Now, we extend the numerical integration beyond the points A and B and we verify if the spacecraft has 
none, one or two possible close encounters with the Earth, by using the conditions described in the previous 
section; 
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With this algorithm available, we can vary the given initial conditions (values for Rp, J and ψ) in any 
desired range and study the effects of the close approach with Jupiter in the orbit of the spacecraft. 



8 

RESULTS 

Our results consist of plots that show the change of the orbit of the spacecraft due to the close encounter 
with the planet Jupiter, for a large range of given initial conditions. First of all we have to classify all the close 
encounters between Jupiter and the spacecraft, according to the change obtained in the orbit of the spacecraft. 
We use the letters A, B, C, D, E, F, G, H, I, J, K, L, M, N, O and P for this classification. They are assigned to 
the orbits according to the rules showed in Table 2. 

 Table 2 
RULES FOR THE ASSIGNMENT OF LETTERS TO ORBITS 

After:
Before: 

Direct 
Ellipse 

Retrograde 
Ellipse  

Direct 
Hyperbola 

Retrograde 
Hyperbola 

Direct Ellipse A E I M 
Retrograde Ellipse  B F J N 
Direct Hyperbola C G K O 
Retrog. Hyperbola D H L P 

 

We also use the letter Z for an orbit that stays around Jupiter for a long time. In this case the spacecraft 
became a temporary satellite of Jupiter. This is a case with little interest in our present research. 

To indicate which ones of those orbits have possibility of one or two close encounters with the Earth, we 
use the following conventions: 

1. Letters in capital case for orbits that do not cross the Earth's path around the Sun and have no possibility of 
a close encounter with the Earth; 

2. Letters in lower case for orbits that cross the Earth's path around the Sun in only one direction of time. 
These orbits can be used to send a spacecraft from the Earth to Jupiter or somewhere else; 

3. Letters in bold lower case for orbits that cross the Earth's path around the Sun in both directions of time. 
These orbits can be used to send a spacecraft from the Earth to the Jupiter in two different ways; or from the 
Earth to the Jupiter and back to the Earth, without additional maneuvers, if a proper timing condition can be 
found. 

With those rules defined, our results consist of assigning one of those letters to a position in a two-
dimensional diagram that has the parameter ψ in the horizontal axis and the parameter J in the vertical axis. We 
make one plot for each desired value of the perigee distance. We use the same range for the variables ψ (180° ≤ 
ψ ≤ 360°) and J (-1.45 ≤ J ≤ 1.55) that was used in reference16, because they are very adequate in showing the 
main characteristic of the plots. We have to emphasize that we choose the interval 180° ≤ ψ ≤ 360° and not the 
full range (0° ≤ ψ ≤ 360°) because there is a symmetry between the chosen interval and the complementary 
interval 0° ≤ ψ ≤ 180°. This symmetry comes from the fact that an orbit with an angle ψ = θ is different from an 
orbit with an angle ψ = θ + 180° only by a time reversal. It means that there is a correspondence between these 
two intervals, that is: I⇔C, J⇔G, L⇔O, B⇔E, N⇔H, M⇔D. The orbits A, F, K and P are unchanged. 

To decide the best range of values for the third parameter (perigee distance) we made several exploratory 
simulations. We noticed that for values greater than 50 Jupiter's radius the effects of the Swing-By are very 
small, with the exception of very few special cases. So, we decide to make plots for the values: 1.1, 1.5, 2.0, 5.0, 
10.0 and 50.0 Jupiter's radius. They span a useful range of values and they are able to show very well the 
evolution of the pictures. Fig. 2 shows a series of diagrams covering the desired range for all the three 
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variables. From a detailed study of those plots and the numerical values not showed in this paper, we can 
confirm the theoretical predictions16 that: 

1. When the fly-by is in front of Jupiter (0° ≤ ψ ≤ 180°), there is a loss of energy. This loss is maximum when ψ 
= 90°; 

2. When the fly-by is behind Jupiter (180° ≤ ψ ≤ 360°), there is an increase of energy. This increase is maximum 
when ψ = 270°. 

To have a better understanding of the process, we plotted some of the trajectories in the rotating and fixed 
frame in Fig. 3. We choose orbits of type N, j and b as examples. Table 3 gives some of the numerical data for 
those trajectories, including the initial conditions. The numerical values for the limits involved in the results 
showed in this paper are (in canonical units): 

1. Distance from Jupiter to the points A and B (d JS): 0.5; 

2. Distance limit for the spacecraft to be considered too far from the Solar System: 2.0; 

3. Time limit to stop the numerical integration when searching for a passage close to the Earth: 10.0. 

 
 
 

 
 

Fig. 2 - Results for Rp = 1.1, 1.5, 2.0, 5.0, 10.0, 50.0. 
 

Rp = 1.1 Rj Rp = 1.5 Rj 
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Fig. 2 - Results for Rp = 1.1, 1.5, 2.0, 5.0, 10.0, 50.0. 
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Fig. 3 Examples of Trajectories in the Rotating and Fixed Reference System 

Table 3 
NUMERICAL DATA FOR THE TRAJECTORIES PLOTTED IN FIG. 3 

orbit J Rp ψ E- E+ ∆E C- C+ ∆C 
N 0.70 10RJ 216 -0.2021 0.2706 0.4727 -0.9021 -0.4294 0.4727 
j 0.00 10RJ 237 -0.2872 0.4631 0.7503 -0.2872 0.4631 0.7503 
b -0.85 10RJ 192 -0.9573 -0.7450 0.2123 -0.1073 0.1050 0.2123 
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CONCLUSIONS 

We developed a numerical algorithm to calculate the effects of a close approach with Jupiter in the 
trajectory of a spacecraft. We classified a large number of trajectories and showed some of them in details. We 
also showed which ones of those trajectories have a potential use for missions involving departures and/or 
arrivals in the planet Earth. We confirmed the theoretical prediction that for 0° ≤ ψ ≤ 180° the spacecraft losses 
energy and for 180° ≤ ψ ≤ 360° the spacecraft gains energy. 
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APPENDIX A - THE GRAVITY ASSIST PHENOMENON FOR COMETS 

The astronomers have known the effect that Jupiter has on cometary orbits during a close approach. The 
literature on cometary orbits or perturbations shows clearly that these astronomers understood the slimgshot 
effect very well. 

Among the first mathematical works on cometary perturbations are several articles in French by Jean le 
Rond d'Alembert (who lived from 1717 to 1783). One of the first articles is in his "Opuscules", Memoir 50, Vol. 
6, ±1773, called "On the Orbit of the Comets," pages 304 to 311. A second article, also in his Opuscules is 
Memoir 58, in Vol. 8, pages 231 to 269. It is called "On the perturbations of the Comets." He examines problems 
such as the perturbation of the period by Jupiter, the possibility of capture by Jupiter and the probability of 
falling into the Sun. 

Another important early contribution to Cometary orbits is by Laplace in Vol. 4 of his 5-Volume treatise: 
"Mécanique Céleste." This is in chapter 2, in Part 2, Vol. 4, pages 217-229, published about 1795. 

Laplace lived from 1749 to 1827. The title of the chapter is: "Perturbation of the motion of Comets when 
they approach very close to the planets." He derives his concept of sphere of influence there. He derives 
formulas for the change in mean motion during the Jupiter flyby. He has numerical examples relative to the 
comet of 1770. He also considers a close approach with the Earth and he says that the period was decreased 
by two days (it was 2042 days). This is the last sentence of his chapter. 

U. G. Leverrier (1847) has two ten-page35,36 memoirs in the "Comptes Rendus," Volume 25 (1847). Neither 
one of them contains any equations. However, his detailed explanations of the perturbations of Jupiter on a 
comet are evidence of his deep understanding of their mechanism. The second memoir contains the sentence 
(page 918) that "It is easy to see that if the comet follows Jupiter, the action of the planet increases its period, 
while, if the comet preceeds the planet, the period of the comet is decreased." Some of his more detailed 
publications are in the Annals of the Paris Observatory (Vol. 3, on the theory of the periodic comet of 1770). 

F. Tisserand (1889) studied Jupiter's action on cometary orbits, especially the possibility of capture. It is in 
this paper that he gives what we now call the "Tisserand Criterion," which is just another form of the Jacobi 
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integral, expressed in terms of three orbit elements, a, e, i. Tisserand was born in 1845 and died in 1896, shortly 
after the publication of the last of his four volumes on Celestial Mechanics (1889, 1891, 1894 and 1896). 

Another series of remarkable articles is by M. O. Callandreau37,38,39, in the Annals of the Paris Observatory, 
in 1892 (Memoir N° 20), and in 1902 (Memoir N° 24). The first is 63 pages long, with the title "Theory of 
Periodic Comets." He is especially interested in the possibility of Capture by Jupiter. On page B.38, he gives 
the formula for the energy change and he mentions the difference of passing in front or behind Jupiter. He also 
gives the formula for the Delta-V in terms of the bending angle of the hyperbola. He gives at least a dozen 
different formulas for the energy change during the passage through the sphere of influence. 

Starting the early 19-hundreds (1914), we find a series of articles by E. Stromgren and his collaborators at 
the Copenhagen Observatory. Publications 19 and 20 in 1914 as well as his Copenhagen report 144 of 1947 all 
contain formulas for the change of the semi-major axis of the cometary orbit. 

In the last 30 years we also have many articles by E. Everhart, by S. Yabushita and by M. Valtonen. An 
article by A. J. J. Van Woerkom40 (1948) contains many formulas for the change of semi-major axis. However all 
these formulas are not easy to use because they contain definite integrals. We do not have enough space to 
describe these works in details here. 

APPENDIX B - THE WORK OF HUBERT ANSON NEWTON 

In 1878 and 1893, Hubert Anson Newton, a Mathematics Professor at Yale, published two remarkable 
articles on the origin and capture of comets by Jupiter. His first article is essentially a 15-page descriptive text 
on the action of Jupiter on cometary orbits. It is subdivided in 36 short sections. 

This is one of the first publications in the English Language that contain a detailed analytical treatment of 
the gravity assist phenomenon. It is entitled: "On the Origin of Comets," in the American Journal of  Science 
and Arts, Vol. 16, (116), Aug.-September 1878, pages 165, 179. As for the contribution to the explanation of the 
gravity assist mechanism, section 26 is by far the most important. In this section, he gives a derivation of the 
classical formula for the change of the energy of a comet during flyby of Jupiter in terms of the angle of 
approach and the hyperbolic bending angle. His derivation occupies a little less then two pages. It seems that 
he expected several readers to skip it, because he has the entire derivation and statement of the results in a pair 
of brackets. On the other hand, he seems to be conscious of the importance of this result, since just after the 
basic formula is given, he repeats it in its entirely in a long English sentence, completely printed in italics. This 
ends his section 26. 

Also in the same section is contained the fundamental statement that the change in energy or semi-major 
axis of the comet is a consequence of the motion of the planet. As he says, if the sun and the planet were two 
fixed centers of force, they could not change the energy of the comet. In the same paragraph, he also explains 
the difference between the passage in front of Jupiter and the passage behind Jupiter. His treatment is three-
dimensional and several statements are made about the change of the inclination of cometary orbits. 

Just after the publication of this article, we see the appearance of some similar articles by the French 
scientists, such as Callendreau and Tisserand (The Tisserand Criterion, 1989). This will later prompt H. A. 
Newton to write a second article on the same subject. 

Fifteen years after his first memoir on comets, Newton published (1893)41 a second long memoir on the 
detailed discussion and applications of the energy-change formula that he had discovered in 1878. The article 
is subdivided in 47 small sections. He essentially studies capture of parabolic orbits under the effect of 
Jupiter's gravity. In his section 6, he repeats again the important statement about an energy decrease for a 
passage in front of Jupiter and energy increase when the comet passes behind Jupiter. He writes (in italics): if 
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the comet passes in front of Jupiter the kinetic energy of the comet is diminished; if it passes behind the 
planet, the kinetic energy of the comet is increased. 

The treatment is strongly three-dimensional and a very detailed discussion is given in terms of the different 
parameters defining the close approach of the comet with Jupiter. 

We were able to determine that Hubert Auson Newton (1830-1896) was professor of mathematics at Yale 
from 1853 until 1890. He was a member of the National Academy of Sciences and a founder of the American 
Metrological Society. He advocated the adoption of the metric system. He published on topics such as 
transcendental curves, the metric system, comets and meteors. He was an editor of the American Journal of 
Science, where he published his 1878 memoir on the Origin of Comets. 

He was an authority on the theory of transcendental curves. He published a memoir with the title "On the 
Transcendental curves sin y sin my = Asin x sin mx + B, (1874-1878). He died in New Haven on August 12, 
1896. 

In the modern literature on cometary orbits, E. Everhart42 has been influenced by H. Newton's work. He 
mentions it several times and he also points out (on page 737) an incorrect application of the matched conics 
by Newton. On the same page 737, Everhart also gives a derivation of the Gravity-assist formulas, based on 
Newton's ideas but with the use of more modern notations. 

 

APPENDIX C - THE WORK OF GUIDO VON PIRQUET (VIENNA, 1928) 

There already was an "association for spacetravel (VEREINS FUR RAUMSCHIFFAHRT) in Germany as 
early as the 19-twenties. They published a Magazine called "Die Rakete," starting with volume 1 in 1927 or 
1928. 

Beginning with volume 2 (in 1928), there is a series of orbital mechanics articles called "Space Trajectories," 
by the Austrian Mechanical Engineer (born 1880, in Vienna). The most important articles are as follows: 

Volume 28: 
- Pages 67-70: A. "Orbits for Space Travel". 
- Pages 70-74: B. "High Distance Rockets". 
- Pages 93-94: D. "Orbits to the Planets". 
- Pages 107-109: "Space Travel Orbits. Part 3: Voyage to Venus". 
- Pages 117-121: "Space Travel Orbits", (to Venus). 
- Pages 134-140: "Space Travel Orbits", Part 5: Voyage to Mars. 
- Pages 183-191: "The Voyage to Jupiter". 
Volume 29: 
- Pages 9-11: "The Voyage to Jupiter". 
- Pages 40-42: "The Voyage to Jupiter". 

Von Pirquet gives the detailed list of formulas relating to the Jupiter flyby, as well as many vector addition 
diagrams for the determination of the velocities of the spaceship before and after the Jupiter flyby, taking into 
account the velocity of the planet Jupiter itself, (page 186 in volume 2 and page 12 in volume 3). In Fig. 4 we 
can see a reproduction of two of his figures. 
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Fig. 4 - Vector addition for Jupiter flyby (by Guido von Pirquet) 
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